QUATERNIONIC DARMON POINTS ON p-ADIC TORI 
AND ABELIAN VARIETIES 



MATTEO LONGO AND STEFANO VIGNI 

Abstract. We prove formulas for the p-adic logarithm of quaternionic Darmon points on p-adic 
tori and modular abelian varieties over Q having purely multiplicative reduction at p. These 
formulas are amenable to explicit computations and are the first to treat Stark-Heegner type 
points on higher-dimensional abelian varieties. 



1. Introduction 

Stark-Heegner points on elliptic curves over Q were denned by Henri Darmon in [5] as con- 
jectural analogues over (abelian extensions of) real quadratic fields of classical Heegner points. 
Since then, generalizations of these points to higher-dimensional (modular) abelian varieties have 
not been systematically investigated. 

Building on techniques developed in [8], quaternionic Darmon points on p-adic tori and Jaco- 
bians of Shimura curves over Q were introduced in [9]. Recently, a rationality result for projections 
of Darmon points to elliptic curves (which extends to a quaternionic context the theorem obtained 
by Bertolini and Darmon in pQ) has been proved in [10] . Let us briefly review the arithmetic 
setting in which the theory of [BJ and [9] takes place. 

Let Xq (repectively, X\) denote the (compact) Shimura curve of discriminant D > 1 and 
level M (respectively, Mp) for coprime integers D, M and a prime number p \ DM (here D is a 
square- free product of an even number of primes). Let H be the maximal torsion- free quotient of 
the cokernel of the degeneracy map from H\(Xq,'Z) 2 to Hi(Xi,1i). It turns out that H is a free 
abelian group of rank equal to twice the dimension of the p-new quotient jP~ new Q f the Jacobian J\ 
of X\. Let EI be a non-zero torsion-free quotient of H and let K be a real quadratic field in which 
all the primes dividing M (respectively, Dp) split (respectively, are inert). The p-adic tori on 
which Darmon points are naturally defined are quotients of tori of the form Ta(K p ) := (g)H by 
suitable lattices Le contained in Te(Q p ) := Qp <S> EI and built, as in [S], via group (co)homology 
and p-adic integration. So far, explicit computations with Darmon points (of conductor 1) had 
been performed only in [10J in the case where H is associated with an elliptic curve over Q of 
conductor MDp. 

While leading to rationality results for quaternionic Darmon points on elliptic curves over Q 
that provide evidence for the conjectures formulated in [9], the one-dimensional setting studied 
in [10] might obscure one of the features of the theory developed in [8] and [9j, that is, the 
possibility of defining Darmon points of arbitrary conductor on higher-dimensional (modular) 
abelian varieties. It is perhaps worthwhile to remark that constructions of this kind lie outside 
the scope of Darmon's original theory, since Stark-Heegner points are defined directly on elliptic 
curves over Q (when Shimura curves reduce to classical modular curves, constructions analogous 
to ours could be made by using Dasgupta's p-adic uniformization of modular Jacobians, cf. [6]). 
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The goal of the present paper is to obtain formulas for quaternionic Darmon points on p-adic 
tori and modular abelian varieties over Q. To describe the main results in detail, we need some 
further notation. With H as before, let .Mo denote the abelian group of H-valued measures 
on P 1 (Q P ) with total mass 0. Following (SJ Section 4], one can explicitly introduce a canonical 
cohomology class 

fx m eH l (T,M ) 

where T C SL^Qp) is Ihara's group defined in ([I]). The abelianization of T is a finite group 
whose exponent will be denoted t. If Ok is the ring of integers of K and dx is its discriminant, 
let O c := Z + cOk be the order of K of conductor c prime to MDdxP- As in [9j, multiplicative 
integration over F 1 (Q P ) against a representative /ijj of /% allows us to attach a Darmon point 
Vu,ip £ 1m(K p )/L^ to every optimal embedding tp of O c into a fixed Eichler order Rq of level M 
in the quaternion algebra over Q of discriminant D. As conjectured in [9j §3.2], the points Vuip 
are expected to be rational over the narrow ring class field of K of conductor c and to satisfy a 
suitable Shimura reciprocity law under the action of the corresponding Galois group (see |10j for 
partial results in this direction when c = 1). 

Now let Hp := Zp<g>H, let X be the set of primitive vectors in Y := (i.e., those vectors which 
are not divisible by p) and write D for the group of Hp-valued measures on Y that are supported 
on X. If To denotes the group of norm 1 elements in Rq and the map sending 

(a, b) to a/b then there exists /% 6 ^(Tq, D) such that 7r*(/%) = resr (/%[). With self-explaining 
notation, we can also choose a 1-cocycle /uh representing /x H such that 7r* (/EfH/y) = Wn,7 for all 
7 G To- Let e c denote a generator of the group of units of O c of norm 1 such that e c > 1 under 
a fixed embedding K E and set 7^, := ^(e c ) £ IV Moreover, denote the fixed point of 
ij)(K x ) acting on ¥ 1 (K p ) such that ip(a)(z^p, 1) = a(&0, 1) for all a£if. Finally, fix an algebraic 
closure Q p of Q p and let m > 1 be the rank of H. 

The first main result of this article, which we state below and is Theorem 14.21 in the text, gives 
a formula for the value at Pe,^ °f a continuous homomorphism 

* : T m (Q p )/L m — )• Qp 

that is iTl^-valued on the subset Te(ivTp)/LH (the map ^ will also be viewed as defined on Q* 
via diagonal embedding). 

Theorem 1.1. ^ {Vu^) = -t ■ \ - z$y)djim,jJx,y). 

Jx 

By specializing Theorem 11.11 to a suitable choice of H and \&, we can also offer a formula for 
the images of Darmon points on abelian varieties over Q with purely multiplicative reduction at 
p, as now we explain. 

Let A be a modular abelian variety over Q of dimension d and conductor iV := MDp, which 
means that A is associated with a (normalized) newform of weight 2 and level N. It is known that 
A has purely multiplicative reduction at p, i.e., the identity component of the Neron model of A 
over Zp is a torus over ¥ p . Since jP~ new [ s the maximal toric quotient of J\ at p, it follows that A 
is a quotient of Jf~ new . Moreover, if e G {±} then the e-eigenspace for complex conjugation acting 
on H^4 := Hi(A(C),Z), which we denote M e A , is a free quotient of H of rank d. Set Ta ■= Th^ > 
:= and /Et^ := /^h^- As a consequence of the uniformization results of [8], there is a 
Galois-equivariant isogeny 

VA ■ T A (Q P )/L A — >■ A(Q P ) 
defined over (Theorem 15. ip . At least when the reduction of A at p is split (a condition that 
we do not assume in the main body of the article), an explicit description of <p A can be given in 
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terms of the Galois-equivariant analytic isomorphism 

(®*) d /(q v ...,q d )^A(Q p ) 

over Q p due (among others) to Tate, Morikawa and Mumford. Here (q , . . . ,q ) is the lattice 
inside Q p generated by the Tate periods q , . . . , q , for A at p, which turns out to be homothetic 
to La (Theorem IA.2p . The reader can find details about these constructions in Appendix 1X1 
Regarding e as fixed, for every optimal embedding if) of O c into Rq we define 

Pa^ ■= <Pa[Pw a ,tp) G A(K P ). 

These are the Darmon points (of conductor c) on A alluded to before. To state our formula for 
the points P A ^, let C p be the completion of Q p and recall that the theory of Lie groups gives a 
logarithm map 

log A : A(C P ) — ► Ue(A(C p )) ~ 

on the p-adic points of A. In particular, log A (P) G K p for all P £ A(K p ). Define ^ A '■= log^ o ipA- 
Now let / be an endomorphism of A/£ p and let /* : hie(A(C p )) — > Lie(-A(C p )) be the linear map 
induced by /. 

The second main result of this paper, which corresponds to Theorem 15.41 and can be deduced 
from Theorem 1 1.1 1 by taking H = M A and ^ = ^ A , is 

Theorem 1.2. log A (f(P A ^)) = -t ■ /* (^J * A {x - z^y)dfi A ^(x,y)j . 

By choosing / = id A in Theorem 11.21 we obtain 

Corollary 1.3. \og A (P A ^) = -t ■ / ^ A (x-z^y)dfi AtJ .(x,y). 

Jx 

This is the first formula for points of Stark-Heegner type on higher-dimensional abelian vari- 
eties. When A is an elliptic curve Corollary [L3] essentially reduces to \10\ Corollary 3.4]. However, 
it might be useful to notice that 

• the result in |10t Corollary 3.4] only deals with Darmon points of conductor c = 1, while 
in Theorem 11.21 there are no restrictions on c (except for the standard ones requiring c to 
be coprime with MDdxp); 

• Corollary 11.31 expresses the logarithm of P A ,ib in terms of integrals against an arbitrary 
lift fi A , while in |10t Corollary 3.4] a specific choice is made (using a control theorem for 
cohomology groups in Hida families). 

The above restrictions in the case of elliptic curves are crucial for the proof of the rationality 
results in [10], but the more general approach presented here does not require any of these 
assumptions. 

The interest in having such formulas at our disposal is (at least) twofold. On the one hand, 
since the construction of measure- valued cocycles in [8] is entirely explicit, Theorem 11.21 allows 
us to compute (at least in principle) the points in the orbit of any Darmon point on A under the 
action of the endomorphism ring of A (cf. also Corollary 15. 6p . On the other hand, an integral 
expression for the logarithm of P A ^ like the one of Corollary 11.31 will presumably play a crucial 
role in the proof of rationality results for genus character combinations of Darmon points on A 
of the type obtained in [10] in the case of elliptic curves. We plan to investigate these questions 
in a future project. 
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2. Measure-valued cohomology 

2.1. Homology of Shimura curves and measures. We recall notation and results of [8]. Let 
D > 1 be a square-free product of an even number of primes, let M > 1 be an integer prime 
to D and fix a prime number p not dividing MD. Let B be the (indefinite) quaternion algebra 
over Q of discriminant D. Let Rq C R\ be Eichler orders of B of level M and Mp, respectively. 
For i = 0, 1 write r, for the group of units of norm 1 in Ri and consider the (compact) Shimura 
curve Xi := Ti\H, where H is the complex upper half-plane and the action of B x on P X (C) is by 
Mobius (i.e., fractional linear) transformations via a fixed isomorphism of M-algebras 

ioo : B®qR ^ M 2 (R). 
Let Up be an element in Rq of reduced norm p that normalizes T± and denote 

TT 1 ,7T 2 :X 1 > X , T 1 Z^hT Z, FlZ ^ T u p z 

the two degeneracy maps. Moreover, let 

vr* :=^*e7r* : H X {X Q ,Z) 2 — > B X {X^TL) 

be the map induced in singular homology by pull-back. In terms of group homology, it corresponds 
to the map 

#i(r ,z) 2 — ^(Ti.z) ~rf 

induced by corestriction. Let -ff denote the maximal torsion- free quotient of the cokernel of tt*. 
If jP~ new is the p-new quotient (i.e., the maximal toric quotient at p) of the Jacobian variety J\ 
of X\ and g is the dimension of jP~ new then H is a free abelian group of rank 2g. Throughout 
this paper fix a non-zero torsion-free quotient H of i?. 
Fix an isomorphism of Q p -algebras 

i p :B®QQ P AM 2 (Q p ) 

such that ip(Ro®Z p ) = M2(Z p ) and i p (i?i®Z p ) is the order of M2(Q P ) consisting of the matrices 
£ M 2 (Z P ) with c = (mod p). Denoting C p the completion of an algebraic closure of Q p , 
let B x act on P 1 (C P ) by fractional linear transformations via i p . 

Let n : B — > Q denote the reduced norm map and define Ihara's group T as 

(1) r := {7 £ fio ® Z[l/p] I n( 7 ) = 1} ^ SL 2 (Q P ). 

Write M. for the group of H- valued measures on P 1 (Q P ) and Mq for the subgroup of Ai consisting 
of those measures with total mass 0. There is a canonical left action of GL 2 (Q P ) on Ai and .Mo 
given by the integration formula 



Vpi(Q p ) \ct + dj 



(2) I <p(t)db.v)(t) 

for all step functions (p : P X (Q P ) — > C p and all 7 = 
M via ip and the embedding B <— > i? (8) Q p . 



b d ) G GL 2 (Q P ). Then S x acts on M and 
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2.2. Harmonic cocycles, radial systems and Hecke algebras. In the following lines we 
review the construction of a canonical element 

fj, M eH\r,M ) 

introduced in j8j Section 4]. 

Let T be the Bruhat-Tits tree of PGL2(Q P ) (see [HI Ch. II, §1]), whose set of vertices 
(respectively, oriented edges) will be denoted V (respectively, £). The unit groups B x and (B 
Q p ) x act on the left on T via i p . Let D,eV denote the distinguished vertex of T corresponding 
to the maximal order M2(Z p ) of M2(Q P ), and say that a vertex v G V is even (respectively, odd) 
if its distance from v* is even (respectively, odd). Moreover, denote v* the vertex corresponding 
to ( p £ p z Zp ), fix the edge e* = (w* , ) G £ and say that an edge e = (^1,^2) £ £ is even 
(respectively, odd) if t>i is even (respectively, odd). Write £ + for the set of even vertices of T. 
Finally, if e = (t>i,t>2) write e for the reversed edge (v2,vi). 

For any vertex v G V define 

e=(i>,i/) 

If A is an abelian group then a function c : £ — > A is said to be an harmonic cocycle with values 
in A if 

• c(e) = — c(e) for all e G £, 

• s(f ) = for all v G V. 

Let .Fhar denote the abelian group of H-valued harmonic cocycles. There is a canonical isomor- 
phism 

(3) ^(r^har) -Z>H l (r,M ) 

given by the following recipe. Recall that T acts transitively on £ and the stabilizer of e* in T is 
T\. For any e G £ choose 7 G T such that 7(6*) = e and set U e := 7(Z p ). The family {U e } e& £ is a 
basis of compact open subsets of P 1 (Q P ). Given any c G Than we mav define a measure ^ G M.q 
by the formula u(U e ) := c(e). This sets up a canonical isomorphism between J-'ha.r an d -Mo> from 
which one deduces ([3]). For details see, e.g., Lemma 27] or [U §4.1]. 

In light of ([3]), our task is to describe a canonical element in H 1 (T , T^v) ■ Set To := LOpFouip 1 . 
A system of representatives y = {7e} e <=£+ for the cosets in Ti\r is said to be radial if there are 
sets of representatives 

• {7i}f =0 for the cosets in ri\ro, 

• {7i}f =0 for the cosets in ri\ro, 

• {'y v } V £V+ fo r the cosets in To\r, 

• {'~Yv}v£V~ fo r the cosets in Fo\L 
such that the following conditions hold: 

• {7e} e =(«y) = {iavY i= Q for all v G V+, 

• {le}e=(v',v) = {lilvYi =() for all V G V~, 

• 7o = 7o = 7u» = 70* = 1- 

Choose a radial system of representatives y for the cosets in Ti\r (which exists by [8j Proposition 
4.8]) and define F$ to be the abelian group of H-valued functions ip on £ such that ip(e) = —ip{e). 
The group Fq is endowed with the action of B x given by the formula (g ■ </?)(e) := ip(g~ 1 (e)), 
which agrees with the action already defined on the subgroup J^ar of J~o via ([2]) and isomorphism 
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Keeping in mind that H is (canonically isomorphic to) a quotient of V±, define, as in [HI 
Definition 4.2], the function 

i4 ■ r — ► Jo 

associated with 3^ and EI by the following rules: 

• if 7 G T and e G £ + let g 1<e G Ti be defined by the equation 7 e 7 = <7 7 ,e7 7 -i( e )> then set 
^(7)(e) := WGH; 

• if 7 G T and e £ + then set Mjg(e) := — ^(e). 

One can show that fj^ is a 1-cocycle on T with values in (see [El Proposition 4.8]). Further- 
more, let 

denote the map arising by taking r-cohomology of the short exact sequence 

— ► Jhar — > Jb — > ^1 — > 

where denotes the abelian group of H-valued functions on V. Then it can be easily checked 
that the image via g of the class represented by /ijjljj does not depend on the choice of 3^ ([8j 
Proposition 4.3]). However, we need to slightly modify /Ujjj in order to make it independent of the 
choice of y as an element of -ff 1 (r, -Fhar) (see the discussions in [81 Remarks 4.5 and 4.9]). To do 
this, we briefly recall the Hecke action on this cohomology group. 

For a prime £ \ Mp let Si denote the set of elements in Rq ®% with non-zero norm. For a 
prime £\Mp let ri£ be the maximal power of £ dividing Mp. For primes £ ^ p with l\M fix an 
isomorphism of Q^-algebras 

such that ie(Ro <8> Z^) is the order consisting of matrices (* j) G M2(Z^) with £ nt \c. For all 
primes £\Mp define Si to be the inverse image via ig of the semigroup consisting of matrices 
g = (a &) g M 2 (Z^) such that f^|c, a G Z* and det(p) 7^ 0. Denote S the subsemigroup of B x 
defined as in [SJ §2.3] (where it is denoted SWm)) by 

(4) 5: =J B x n[]5,, 

the product being taken over all primes I 7^ p. Finally, let T stand for the Hecke algebra associated 
with the pair (T,S) (see [H §2.3] for details). As recalled in [HJ §2.1], the algebra T acts on the 
cohomology group H l (Y,M) for any left S- module M. In particular, for every prime r we have 
an action of the Hecke operator T r G T on H 1 ^, J-o). 
Now define 

^ H l (r , Jhar) 

to be the class obtained by fixing a prime number r { MDp and applying the Hecke operator 
t r := T r — (r + 1) G T to the class of //gj in i? 1 (r, .Fhar)- As shown in [8l Lemma 4.11], this 
operation has the effect of making /% independent of the choice of y made above. Finally, 
fix a representative fim of /%. We will use the same symbol yit H for the element in i7 1 (r,A1o) 
corresponding to /x H via isomorphism ([3]). 



(d,u) 
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3. DARMON POINTS ON p-ADIC TORI 

3.1. Homology and p-adic integration. Set 

Te := G m ®% HI 

where G m is the multiplicative group (viewed as a functor on commutative Q-algebras). 

Write Tip := C p — Q p for Drinfeld's p-adic plane, let D := Div(% p ) be the group of divisors on 
Tip and let -Do := Div°(% p ) be the subgroup of divisors of degree 0. Then there is a short exact 
sequence 

(5) — > D — > D Z — ► 

induced by the degree map. The long exact sequence in homology associated with (JSJ) gives a 
boundary map 

(6) 0:jr 2 (r,z)— ►fliCr.A,). 

For any d G Z?o choose a rational function on P 1 (C p ) with divisor d, and for all v G .Mo define 

: / := lim TT f d (tu) 1/(17) G T H (C P ). 

Here the limit is taken over increasingly fine covers IA of P 1 (Q P ) by disjoint compact open subsets 
and tjj G U is a sample point. This limit of Riemann products converges because v is a measure, 
and is independent of the choice of fa because v has total mass 0. The above formula sets up a 
pairing 

(,) : D o xM ^T H (g. 

By construction, this pairing factors through Dq ®z-Mo) and thus, by cap product, we can 

also define a pairing 

(7) H 1 (r,D )xH 1 (r,M )^T B (C p ). 
By fixing /x H G ^(FiMo) in ([7]) we get a map 

(8) 1:H 1 (T,D )^T M (C P ) 
canonically attached to /%. Finally, composing ([6]) and ([8]) we obtain a map 

$:=Zo3:tf 2 (r,Z)^T H (C p ). 

Denote Lh the image of <£. One can show that Lh is a Hecke-stable lattice contained in Tn(Qp) 
(see [HI Proposition 6.1]). 

Fix z G K p — Q p and let d z G -ff 2 (r, Te(C p )) be the cohomology class represented by the 
2-cocycle 

(9) d z : T x r — ► T m (K p ), (71,72)^/ S ~ 71 (z) d/x H , 72 (s). 

JF^Qp) s-z 

The class does not depend on the choice of the representative /Uh of /x H . Write <i 2 for the 
composition of d z with the canonical projection onto T^(K p ) / Lh and denote d z the resulting class. 
By construction, Lh is the smallest subgroup of Te(Q p ) such that d z is trivial in H 2 (T, Th/7h); 
so there exists 

/?z : r — ► Th/ 7h 

such that 

4(71,72) = ^(7172) • Pziliy 1 ■ Pz(l2)~ l 
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for all 71,72 G T. The map j3 z is well defined only up to elements in Hom(T, Te/Le). To deal 
with this ambiguity, recall that the abelianization r ab of V is finite (j9j Proposition 2.1]). Hence 
if t is the exponent of r ab then t ■ j3 z is well defined. However, since d z depends on the choice of 
/xh, the map t ■ f3 z may depend on the choice of a representative for /%. 

3.2. Darmon points on p-adic tori. Let K = Q(\/cIk) be a real quadratic field with discrim- 
inant dx such that all primes dividing Dp (respectively, M) are inert (respectively, split) in K, 
and fix an embedding K M. Let c > 1 be an integer prime to MDd^P, let O c := Z + c0^ 
be the order of K of conductor c, let i7+ be the narrow ring class field of K of conductor c and 
set := Gal(-ff^~ / 'K). The group is isomorphic to the narrow class group of O c via the 
reciprocity map of global class field theory. 

Let ip : K B be an optimal embedding of O c into Rq, i.e. an embedding of K into B such 
that 

iP(O c ) = iP(K) n R . 

Write Emb(0 c ,-Ro) for the set of such embeddings. The group Tq acts on Emb(0 c ,i?o) by 
conjugation. 

Let r denote the generator of Gal(K p /Q p ). If ip : K >— » B is an embedding of Q-algebras then 
the quadratic form Q^(x,y) with coefficients in Q p associated with ip is defined by 

Qip(x,y) := cx 2 — 2axy — by 2 where i p (ip{\J cLk)) = 

We can factor Q^p(x,y) as 

Q^(x,y) = c(x - z^y)(x - z^y) 

where z^,z^ £ K p — Q p are the roots of the equation cz 2 — 2az — 6 = and t(z^) = z^. The two 
roots Zjf, and are the only fixed points for the action of ip(K x ) on F 1 (K p ) by fractional linear 
transformations via i p . We may also order z^ and z\h by requiring that 

««>(?)—(?). #»)(?) 

for all a G if. 

By Dirichlet's unit theorem, the abelian group of units of norm 1 in O c is free of rank 1. Let 
e c be a generator of this group such that e c > 1 with respect to the fixed embedding K '—t R and 
set 70 := V(e c ) G T . 

Definition 3.1. The Darmon points of conductor c on T^(K p ) / are the points 

?W : = * • Pz^ilip) G T H (if p )/L H 

where ip varies in Emb(0 c ,i?o). 

The points Vw,ip (or, rather, their images on abelian varieties) are expected to be rational 
over H£ and to satisfy a suitable Shimura reciprocity law under the action of G+: the reader is 
referred to [H §3.2] for precise conjectures and to [10] for partial results in this direction. 

The next two propositions generalize to EI results that were proved in [9] for H. Although the 
proofs are similar, we add some details for the convenience of the reader. 

Proposition 3.2. The point Vu,ip does not depend on the choice of a representative of /x H . 




QUATERNIONIC DARMON POINTS 



Proof. Let fi and fi' be two representatives for so that there exists m G .Mo such that 
firy = fi' + 7(m) — m for all 7 G T. Then 

/i — 7 _1 z 
- d(^f2 m - m) 



h) 



— — dm • x — — dm 



If we set 

(10) 1/(7) := / S " 7 " 1( ^ fa( S ) 



P 1 (Q J ») s ~ H 



then 



4^,(71,72) = 4^(71,72) • ^(7172) • ^(71) X -^(72) 1 
for all 71,72 G r. (In particular, this shows that the 2-cocycles d Zi> and d' z ^ defined as in ([§]) 
by using \i and //, respectively, are cohomologous.) Write v for the composition of v with the 
projection onto T m (K p )/L m . If : T ->■ Te/L H (respectively, : T -)• T H /L H ) splits cZ^ 
(respectively, d' ) modulo Lh then 

for a suitable homomorphism : T — » Tji/Lh. It follows that 
(11) = 

Since 7^(^) = ^ and m has total mass 0, equation (fTU|) shows that i • ^(7^) = 1. By definition 
of the Darmon point Vuibj the result follows from this and equation (jlip . □ 

The following proposition studies the dependence of Ph,^ 011 i ) - 

Proposition 3.3. The 'point Vm,^ depends only on the To-conjugacy class of if). 

Proof. Fix 7 G To and set ip' := r yip^~ 1 . Recall the radial system y = {7 e } e g£+ used to compute 
/% and introduce the set 

y ■= {< : =77 7 - 1 (e)7~ 1 he^- 
One can check that y' is again a radial system. For this, define 7^ := 77i7 _1 , % '■= 77i7~ 1 and 
%(v) := 77f7 _1 - Also, if e = (v,v') then write s(e) := v and t(e) := v' . It follows that 

hhj(v)} P i= o = {77i7 7 (»;)7" 1 }to = {77e7" 1 } s(e)=7(l , ) = {7 7 ( e )} s(7(e))=7( „) 
for v G V + , and 

{7i7 7 («)}f = o = (77i7 7 (»;)7" 1 }Lo = {77e7 _1 } s(e)=7M = {7 7 ( e )} s(7(e))=7{ „) 
for v G V~. To prove the last equalities in the above equations, observe that 

{e I s(e) = j(v)} = {7(e) I s(7(e)) = 7(1?)} 
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and that the same is true for t(e) replacing s(e). Since 7 G To, one has that 



7(v) G 



V+ if^eV+, 
V- ifv€V _ . 



But To acts transitively on the sets V + and V , hence 

{<} s( e)=v = H^(v)}lo for-GV + , {V.} t(e)=0 = W 7 ( 1 ,)}L, for.GV-. 

The final observation to prove that y' is radial is that, trivially, 1q = % = l' v , = l'^, = 1- 
By definition, M^(7 2 )(e) = [c/ 72 , e ] with 7 e 7 2 = g J2 , e 7e>- Conjugating by 7 gives 

77e7 _1 7727 _1 = 7SW7~ 1 7 _1 77e'7~ 1 , 
whence 7 7 ( e )7727 -1 = 7fl72,e7~ 1 7^( 6 /)- Tni s shows that 

^e'(7727" 1 )(7(e)) = [75 7 2,e7 _1 ] = fo^e] = ^(72) (e). 
Applying t r to the above equation, we get 

(12) 7"V^'(7727- 1 )(e) = ^(72)(e). 



Therefore 



(13) 



s~77i% d y () 



i P ) s - 7^ 



, , , c >>■ , r~H,77 2 7 1 v ' 

The first equality follows from (fl~2j) . the second follows because (7 • /, 7 • u) = (/, z/) and, if d is a 
divisor, 7 • / d = / 7d (for these properties, see [U §5.1]), the third is obvious and the fourth is due 
to the fact that 72;^, = Zy^-i. If /3' z , splits the 2-cocycle 

(71,72) ■— > f — — — — a/%, 72 (s) 

then (fT3j) ensures that for all 7 G V we can take #^(7) = ,(777~ 1 )- By Proposition 13.21 the 

point T'h.V'' does not depend on the choice of a representative of /%. Since /% rad is a representative 
of /x H by [8j Lemma 4.11], it follows that 



^H,V = * • P'z^, (7#) = t-pH (TV-) = 



(observe that, by definition, 7^ = 77^7 x ). This completes the proof. □ 
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4. Formulas for Darmon points on p-adic tori 

4.1. p-adic measures and Shapiro's lemma. Define H p := Z p ®z H. Let X := (Z^)' be the 
set of primitive vectors in Y := Z^, i.e., those vectors in Y which are not divisible by p. Let 
B be the group of Hp-valued measures on Y and write B for the subgroup consisting of those 
measures which are supported on X. The group E := GL2(Qp) n M2(Z P ) acts on B on the left by 
the integration formula 

/ <p{x,y)d(j-v)(x,y)= / <p(7 • (x,y))d/jt(x,y), 
Jy Jy 

with 

7 • (x, y) := (ax + by, cx + dy) 

for all step functions 99 : Y — >■ Hp, all measures and all matrices 7 = (° 5) G E. This action 

also induces an action of S on B (see [SJ Lemma 7.4]). 
Denote by 

tt:X— J-P^Qp) 

the fibration defined by (a, 6) h-> a/6. By (HJ Theorem 7.5], the canonical map 

7T* iF^rcB) — ►^(ro.-M) 

induced by 7r is surjective. Choose any /J H 6 ff 1 (ro,B) such that 

tt*(Ah) = resr„(/%), 

where resr is the canonical restriction map in cohomology. As explained in [8j §7.3], we can 
choose a representative /2jj of such that 7T*(/2]i,7) = Wn,7 for all 7 £ To (here 7T* stands for the 
map induced by tt between spaces of measures) . Namely, 

for all 7 G To and all compact open subsets U C P x (Qp). From now on we fix such a /2h- 

For any compact open subset U C Y let B;y denote the subset of the measures on Y which are 
supported on U. Thus, in particular, Bx = B. Define 

X^ := Zp x x pZ p , X afr := Z p x Z p x , 

so that X = Xqo TJ X a g. 

Shapiro's lemma provides canonical isomorphisms 

and 

S : ^(fcB^x) ^> ^(r^B^). 
Now we may consider the Hecke algebra Ti associated with the pair (ri, Si) where 

S 1 :=B x nY[S e 

1 

and the product is taken over all prime numbers t (the local factors Si are defined before equation 
dH). See [8j §2.2] for details. By definition, the Hecke operator U p G Ti is given by U p = TigoTi 
for an element go G Ri of norm p. We also have the Atkin-Lehner involution W p = Tioj p Ti £ Tj. 
Since the Hecke algebra Ti acts on H 1 (Ti,'B 00 ), we may use S and 5 to define Hecke operators 

Up := S- x UpS : H^B) — > ^(ro.B) 
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and 

W p :=S- l W p S : H\T ,J}) — ► fl^f ,B Wp x)- 

Define 

Ah := W p U p (/i H ) £ ^(fcB^x). 

Choose a representative /xjj of y5 H . By [8l eq. (45)], we know that there are elements m\ £ Bx^ 
and m2 £ B Wp x aff such that 

A*H,7 = Upfi-y + 7ml - mi on Xqo 

and 

A*H,7 = Pfi-y + 7 m 2 - m2 on pX aff 

for all 7 € IV 

4.2. An integral formula for Darmon points on tori. We need to recall an auxiliary result 
from [10]. Let 

G = G\ *g G 2 

be the amalgamated product of the groups G\ and G2 along the subgroup Go- Let A be an 
abelian group and consider the portion of the Mayer- Vietoris exact sequence given by 

H 1 {G U A)®H 1 {G 2 ,A)^H\G ,A)^H 2 (G,A)^H\G 1 ,A)®H\G 2 ,A). 

To simplify notations, in the next lemma we use the same symbols to denote cochains and cocycles 
representing them. 

Lemma 4.1. Let G be as above and assume that 

• c = A(p) for some p £ H 1 (Gq, A), so there are 1-cochains 9\ £ C 1 (G\,A) and 82 £ 
C 1 (G2,A) such that c\q 1 = 5{6\) and c\q 2 = 6(62), where 5 is the connecting map and 

p = Oi\g -Q-2\g ; 

• c is trivial in H 2 (G,A), so c = 5(b) for some 1-cochain b £ C 1 (G, A). 

Then b\Q 1 = Q\ + fx\Gi an( ^ b\c 2 = 82 + V2IG2 w ^ ere ^1^2 ■ G —> A are group homomorphisms. 

Proof. An application of the universal property of the amalgamated product. For details, see 
[JO]. □ 

From here on fix an algebraic closure Q p of Q p . Let m > 1 be the rank of EI and fix an 
isomorphism H ~ Z m , which allows us to identify T e (Q p ) with (Q p ) m and M p with Z™. Let 

: T m (Q p )/L M — ► Q™ 

be a continuous homomorphism which is /f™-valued on T^(K p ) / L^. By pre-composing it with 
the projection onto the quotient (respectively, with the diagonal embedding and the projection 
onto the quotient) we will also view ^ as defined on Te(Q p ) (respectively, on Q p ). 
The first main result of this article is 

Theorem 4.2. * (Vn,i> ) = -t ■ / *(aj - z^,y)dflM, 7 Jx,y). 

Proof. To begin with, observe that x — z^y £ (Ok <8> Z p ) x when (x, y) £ X. Define the 1-cochain 
p on To with values in Ta(K p ) by the formula 

Pi '■= ~ / *( x ~ z il>y)dfiw,j- 
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Moreover, define the 1-cochain p on f q with values in T^{K p ) by 
p 7 :=- / - z^y)d/iH,7 + / ®( x ~ z i>v)d(l m i ~ m l) + / ^{x - z^y)d{-im 2 - m 2 )- 

Following verbatim the proofs of [81 Propositions 7.10 and 7.13] after replacing the branch log p of 
the p-adic logarithm with the map we see that p and p split the restrictions of *&(d) to To and 
To, respectively. Thus *&(d z ) = A(p — p) where A is the connecting map in the Mayer- Vietoris 
exact sequence and p — p is the class in H 1 (Ti, T^(K P )) represented by p — p. We already know 
that the 2-cocycle ^(d z ) is split by ^(/3 Z ). Hence 

where 5 is the connecting map on cochains. Since T = To *r 1 To an d t annihilates r ab , the result 
follows from Lemma |4.H □ 



5. Formulas for Darmon points on abelian varieties 

5.1. Modular abelian varieties and isogenous tori. From now on let A/q be a (i-dimensional 
modular abelian variety of conductor N := MDp. Therefore A is attached to a (normalized) new- 
form / of weight 2 and level ./V via the Shimura construction. Namely, let f(q) = Y2n>l a n(f)q n 
be the (/-expansion of /, let F stand for the number field (of degree d) generated over Q by the 
Fourier coefficients a n (f) of / and denote Of the ring of integers of F. Consider the homomor- 
phism of algebras 

\f : T — > Of 

such that Xf(Ti) = a£ (/) whenever i is a prime not dividing N. Then, as explained in |21[ §3.4.4], 
A is isogenous over Q to the maximal abelian subvariety of J\ killed by ker(A/). Since p\\N, it is 
known that A has purely multiplicative reduction at p, i.e., the identity component of the special 
fibre of the Neron model of A over Z p is a torus over F p (cf. [Ill §14]). Equivalently, the reduction 
of A at p is semistable of toric dimension d. Since jP~ new [ s the maximal toric quotient of J\ at 
p, it follows that A is a quotient of J^" new . 

Set Ma '■= Hi(A(C),Z), choose a sign e G {±} and write M e A for the e-eigenspace for complex 
conjugation acting on H4. Thus M e A is a free abelian group of rank d; fix an isomorphism M € A ~ 7j d . 
Since A is a quotient of Jf~ new , it follows that M € A is a quotient of H. 

Set Ta := Te^ and recall the Hecke-stable lattice La ■= L^ A inside Ta{Q p ) — (Qp ) d . 

Theorem 5.1. The p-adic torus Ta/La and the abelian variety A are isogenous over K p . 

Proof. Multiplicity one ensures that A is, up to isogeny, the unique quotient of jP~ new on which the 
action of the Hecke operators for primes £ \ N factors through Ay. Similarly, <8>H^ ~ (Q> p ) d 
is the unique quotient of Q* <%> H on which the action of these operators factors through A f and 
complex conjugation acts as el. The result follows from [81 Theorem 1.1]. □ 

Remark 5.2. The proof of Theorem 1.1] shows that the isogeny whose existence is ensured 
by Theorem 15.11 can be chosen to be equivariant with respect to the actions of the relevant local 
Galois group (see [8l §7.1]). 



11 



MATTEO LONGO AND STEFANO VIGNI 



5.2. Darmon points on A. By Theorem 15.11 and Remark 15.21 we can fix a Galois-equivariant 
isogeny 

(14) tp A : T A (Q p )/L A — ► A(Q p ) 
over K p . For every ip G Emb(O c , Rq) define 

Pl,i, ■= Va{Vm^) eA(Kp). 

These are the Darmon points of conductor c on A. Since the sign e G {±} has been chosen once 
and for all, from here only we shall simply write Pa,iP = P\tp- By Proposition I3.3| Pa,iJi = Pa^> 
whenever tp and tp' are To-conjugate. In the next subsection we will give an integral expression 
for a suitable logarithm of the Darmon points Pa,^ on A. 

5.3. An integral formula for Darmon points on A. Our goal is to describe a formula for 
Darmon points on A which is a consequence of Theorem I4.2I In doing this, we replace the 
homomorphism ^ appearing in £ j4.2l with a map of particular arithmetic significance. 

Let C p be the completion of Qp and let G be a finite-dimensional commutative Lie group over 
C p (see O Ch. Ill, §1]). The Lie algebra Lie(G) of G is the tangent space of G at the identity 
and is a C p -vector space of dimension dim(G). Let Gf be the smallest open subgroup of G such 
that the quotient G/Gf is torsion-free. As explained in O Ch. Ill, §7.6], there is a canonical 
analytic homomorphism 

log : G f — > Lie(G). 

The map log is a local diffeomorphism and its kernel is the torsion subgroup of Gf. 

In the special case where G = A(C P ), if U is an open subgroup of ^4(C P ) then A(C P )/U is 
torsion (jJJ Theorem 4.1]), hence Gf = G and we get a logarithm map 

log A : A(C P ) — > Lie(A(Cp)) ~ 

on the p-adic points of A whose kernel is the torsion subgroup of A(C p ). Fix an isomorphism 
Lie(A(Cp)) ~ C{. As remarked in [20l §1], \og A (A(H)) C H d for every complete subfield H of 
C p , so that, in particular, log A {P) £ K p for all P G A{K p ). 

Remark 5.3. It is known that log^ essentially coincides with the logarithm map introduced by 
Bloch and Kato in their fundamental paper [2] on the Tamagawa number conjecture for motives 
(cf. [2, Example 3.11]). 

Composing log^ with the map ifA introduced in (|14p gives an analytic homomorphism 

*A := log A o <p A : T A (Q P )/L A — )• Qp 

which is K p -valued on Ta(K p )/La- 

Now let / be an endomorphism of A/£ and let /* : Lie(^4(C p )) — > Lie(j4(C p )) be the linear 
map induced by /. By [20], §1], the maps log^ and / commute, in the sense that 

(15) log A ° f = f* ° !ogA • 

With notation as in £14.11 for simplicity set p, A := Ah e • Let ip G Emb(O c ,i?o) and recall the 
Darmon point Pa,iP £ A(K p ) defined in ^5.21 The second main result of this paper is 

Theorem 5.4. log A (/(P A) ^)) =-*•/* (J^a(x - z^y)djl A ^{x,y) \ . 

Proof. Immediate from Theorem 14.21 upon taking H = ffi, ^ = ^> a and using (|15p . □ 
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By choosing / = icU in Theorem 15.41 we deduce 

Corollary 5.5. \og A {P A ^) = -t ■ \ * a(x - z^y)dfj, Aa ,(x,y) . 

Jx 

While the validity of Theorem [53] is unconditional, now we describe a refinement that depends 
on a technical assumption. As shown in [3, Ch. Ill, §7, Proposition 10], there is an open 
neighbourhood V of the identity in A(C p ) such that log^ \ v is the inverse of the restriction of the 
exponential map 

exp A : Ue(A(C p )) ~ C{ — > A(C P ) 
to a suitable open subgroup of Lie(A(C p )). 

Corollary 5.6. With notation as before, assume that /(Pa,V>) e V ■ Then 

f( p A,i,) = exp A ^- t • /* (^J^ A {x - z^y)dJx A ,^{x,y)j \ ■ 

Proof. Since f{PA,ip) G V, the claim follows by applying exp A to both sides of the equality in 
Theorem 15.41 □ 

In other words, Corollary 15.61 says that if the point /(-Pa,i/>) is "sufficiently close" to the identity 
of A then we can exhibit a formula not only for the logarithm of /(-Pa,i/>) but also for f(PA,ip) 
itself. 



Appendix A. The p-adic uniformization of abelian varieties 

We review the p-adic uniformization theory of abelian varieties A over Q with purely split 
multiplicative reduction at p and, under this assumption, we describe an explicit construction of 
the isogeny if a appearing in §5.21 

A.l. Review of Tate Morikawa Mumford theory. Let A/q be an abelian variety of dimen- 
sion d with purely split multiplicative reduction at p. This means that the identity component of 
the special fibre of the Neron model of A over Z p is a split torus over F p . Such an abelian variety 
is a higher-dimensional analogue of Tate's p-adic elliptic curve (see, e.g., [El §A.1.1]). Thanks to 
results due (among others) to Tate, Morikawa and Mumford ([12], P3], [14j . [15]). which now we 
briefly describe, this condition guarantees that A admits an analytic uniformization locally at p. 
Details can be found in |17} Section III], while the rigid analytic point of view is nicely exposed 
in pU Section 4]. 

Set Gq p := Gal(Qp/Q p ). There are free abelian groups M. and M of rank d and an admissible 
(in the sense of |17t Section III, §2]) homomorphism a : M — > Hom(A/", Q_ p ) that fit into a short 
exact sequence 

— ► M ^ Hom(AA, Q* ) A A(Q P ) — > 

of G(Q) p -modules (with M. and M being regarded as trivial Galois modules). In other words, there 
is a Galois-equivariant analytic uniformization 

e:TLom(NMp)/M^A(Q p ) 

which expresses the geometric points of A /q as a quotient of a d-dimensional p-adic torus by a 
sublattice of full rank. Reversing the roles of Ai and Af, one obtains an analogous parametrization 
for the dual abelian variety of A, but we will not need this fact. 
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Choose Z-bases {x\, . . . ,Xd} and {yx, . . . ,yd} of M. and H , respectively, and for every j = 
1, . . . , d define 

q. := (a(x j )(y 1 ),...,a(x j )(y d )) G (Q p x ) d 
It follows that 6 induces an analytic isomorphism 

(16) $Tate : (Q p X )7<^> • • • - £rf> ^ ^(Qp) 

of GQ p -modules. Since we are assuming that the reduction of A at p is split, the map $Tate is 
defined over Q p . The vectors q , . . . ,q are the d-dimensional analogue of the period q which 
appears in the theory of Tate's elliptic curves (see, e.g., [181 §A.1.1]), and they will henceforth be 
referred to as Tate periods for A at p. 

Remark A.l. If the reduction of A at p is purely multiplicative but not necessarily split then a 
result of Mumford and Raynaud shows the existence of an unramified extension H of Q p such 
that A has a p-adic uniformization (|16j) defined over H (cf. \17\ Theorem 3.2.2]). 

A. 2. Modularity and homothetic lattices. Now assume that the <i-dimensional abelian vari- 
ety A /q has conductor MDp and is modular. As remarked in §5.1( it is known that A has purely 
multiplicative reduction at p, and we suppose, in addition, that the reduction is split, so that the 
results reviewed in §A.1I apply. 

Recall the d-dimensional p-adic torus Ta and the Hecke-stable lattice La inside Ta(Q p ) defined 
in §5.11 As in [7j Definition 29], we say that two lattices Ai and A2 in {K*) d are homothetic if 
Ai n A2 has finite index both in Ai and in A2. 

The following result, asserting that La is homothetic to the lattice of Tate periods for A at p, 
extends [51 Theorem 7.16] from elliptic curves to abelian varieties of higher dimension. 

Theorem A. 2. The lattices La and (q , . . . ,0.) are homothetic in (Kp) d . 

Proof. Arguing as in the proof of Theorem 15. 1\ this is a consequence of multiplicity one and the 
uniformization results of [8j. □ 

A. 3. The isogeny tpA- By Theorem IA.21 La H (q v . . . , q d ) has finite index in La', set 

n := [L A : L A fl (g v . . -,g d )]- 
Raising to the n-th power gives a Galois-equivariant isogeny of p-adic tori 

(17) T A {%)/L A ^(%) d /(q i ,...,q d ) 

defined over Q p , and then composing (fT7l) with ^Tate yields a Galois-equivariant isogeny 

<PA ■ T A {%)/L A — > A{%). 
This gives an explicit construction of the isogeny introduced in (|14p . 

References 

[1] M. Bertolini, H. Darmon, The rationality of Stark-Heegner points over genus fields of real quadratic fields, 

Ann. of Math. (2) 170 (2009), no. 1, 343-370. 
[2] S. Bloch, K. Kato, L-functions and Tamagawa numbers of motives, in The Grothendieck Festschrift, vol. I, P. 

Cartier, L. Illusie, N. M. Katz, G. Laumon, Y. Manin and K. A. Ribet (eds.), Progress in Mathematics 86, 

Birkhauser, Boston, MA, 1990, 333-400. 
[3] N. Bourbaki, Groupes et algebres de Lie - Chapitres 2 et 3, Springer, Berlin, 2006. 
[4] R. F. Coleman, Reciprocity laws on curves, Compos. Math. 72 (1989), no. 2, 205-235. 

[5] H. Darmon, Integration on Hp x H and arithmetic applications, Ann. of Math. (2) 154 (2001), no. 3, 589-639. 



QUATERNIONIC DARMON POINTS 



17 



[6] S. Dasgupta, Stark-Heegner points on modular Jacobians, Ann. Sci. Ecole Norm. Sup. (4) 38 (2005), no. 3, 
427-469. 

[7] M. Greenberg, Stark-Heegner points and the cohomology of quaternionic Shimura varieties, Duke Math. J. 
147 (2009), no. 3, 541-575. 

[8] M. Longo, V. Rotger, S. Vigni, On rigid analytic uniformizations of Jacobians of Shimura curves, Amer. J. 
Math., to appear. 

[9] M. Longo, V. Rotger, S. Vigni, Special values of L-functions and the arithmetic of Darmon points, 
larXiv: 1004.34241 submitted. 

[10] M. Longo, S. Vigni, The rationality of quaternionic Darmon points over genus fields of real quadratic fields, 
larXiv:1105.372T1 submitted. 

[11] B. Mazur, J. Tate, J. Teitelbaum, On p-adic analogues of the conjectures of Birch and Swinnerton-Dyer, 

Invent. Math. 84 (1986), no. 1, 1-48. 
[12] J. McCabe, p-adic theta functions, Harvard University Ph. D. thesis, 1968. 

[13] H. Morikawa, Theta functions and abelian varieties over valuation fields of rank one I, Nagoya Math. J. 20 
(1962), 1-27. 

[14] H. Morikawa, On theta functions and abelian varieties over valuation fields of rank one II, Nagoya Math. J. 
21 (1962), 231-250. 

[15] D. Mumford, An analytic construction of degenerating abelian varieties over complete rings, Compos. Math. 
24 (1972), no. 3, 239-272. 

[16] M. Papikian, Rigid-analytic geometry and the uniformization of abelian varieties, in Snowbird lectures in 
algebraic geometry, R. Vakil (ed.), Contemp. Math. 388, American Mathematical Society, Providence, RI, 
2005, 145-160. 

[17] K. A. Ribet, Galois action on division points of Abelian varieties with real multiplications, Amer. J. Math. 
98 (1976), no. 3, 751-804. 

[18] J.-P. Serre, Abelian l-adic representations and elliptic curves, revised second edition, Research Notes in Math- 
ematics 7, A K Peters, Wellesley, MA, 1998. 
[19] J.-P. Serre, Trees, corrected 2nd printing, Springer- Verlag, Berlin, 2003. 

[20] Y. G. Zarhin, p-adic abelian integrals and commutative Lie groups, J. Math. Sci. 81 (1996), no. 3, 2744-2750. 
[21] S.-W. Zhang, Heights of Heegner points on Shimura curves, Ann. of Math. (2) 153 (2001), no. 1, 27-147. 

Dipartimento di Matematica Pura e Applicata, Universita di Padova, Via Trieste 63, 35121 Padova, 
Italy 

E-mail address: mlongo@math.unipd.it 

Departament de Matematica Aplicada II, Universitat Politecnica de Catalunya, C. Jordi Girona 
1-3, 08034 Barcelona, Spain 

E-mail address: stefano.vigni@upc.edu 



